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Abstract. The congruence subgroup property is established for the modular represen- 
tations associated to any modular tensor category. This result is used to prove that the 
kernel of the representation of the modular group on the conformal blocks of any rational, 
CVcofinite vertex operator algebra is a congruence subgroup. In particular, the (/-character 
of each irreducible module is a modular function on the same congruence subgroup. The 
Galois symmetry of the modular representations is obtained and the order of the anomaly 
for those modular categories satisfying some integrality conditions is determined. 

Introduction 

Modular invariance of characters of a rational conformal field theory (RCFT) has been 
known since the work of Cardy [Ca] , and it was proved by Zhu [Z] for rational and C2-cofinite 
vertex operator algebras (VOA), which constitute a mathematical formalization of RCFT. 
The associated matrix representation of SLiffi) relative to the distinguished basis, formed 
by the trace functions on the irreducible modules or primary fields, is a powerful tool in the 
study of vertex operator algebras and conformal field theory. This matrix representation 
conceives many intriguing arithmetic properties, and the Verlinde formula is certainly a 
notable example [Ve]. Moreover, it has been shown that these matrices representing the 
modular group are defined over a certain cyclotomic field [dBG] 

An important characteristic of the modular representation p associated with a RCFT is 
its kernel. It has been conjectured by many authors that the kernel is a congruence subgroup 
of a certain level n (cf. [Mo, Eh, ES, DM, BCIR]). Eholzer further conjectured that this 
representation is defined over the n-th cyclotomic field Q n . In this case, the Galois group 
Gal(Q re /Q) acts on the representation p by its entry-wise action. Coste and Gannon proved 
that p determines a signed permutation matrix G a for each automorphism a of Q n [CGI]. 
They also conjectured that the representation a 1 p is equivalent to p under the intertwining 
operator G a . These conjectural properties were summarized as the congruence property 
of the modular data associated with RCFT in [CG2, G2]. These remarkable properties of 
RCFT were established by Bantay under certain assumptions, and by Coste and Gannon 
[CGI] under the condition that the order of the Dehn-twist is odd. In the formalization of 
RCFT through conformal nets, the congruence property was proved by Xu [X2]. 

In this paper we give a positive answer to the conjecture on the congruence property for a 
rational and C^-cofinite vertex operator algebra V. Such V has only finitely many irreducible 
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modules [DLM2] M°, M p up to isomorphism and there exist Aj S C for % = 0, ...,p such 
that 

where M\ ^ and L(0)\ M i = Xi+n for any n£Z. Moreover, Aj and the central charge 
c are rational numbers (see [DLM4]). 

The trace function for t; S 14 on M l is defined as 

oo 

Z i (v,q) = q X ^ 24 Y,^M {+ o{v))q n 

n=0 

where o(v) = v^-i is a component operator of Y(v,z) = ^2 n ^z VnZ ~ n ~ 1 which maps each 
homogeneous subspace of M l to itself. If v = 1 is the vacuum vector we get the g-character 
Xi(q) of M\ It is proved in [Z] that if V is CVcofinite then Zi(v, q) converges to a holomor- 
phic function on the upper half plane in variable r where q = e 2mT . By abusing the notation 
we also denote this holomorphic function by Zi(v,r). There is another vertex operator al- 
gebra structure on V [Z] with grading V = ©nezMnl- We will write wt[v] = n if v £ VLi. 
Then there is a representation py of the modular group SL^i^) on the space spanned by 
{Zi(v,r)\i = 0...,p} : 

Zi(v, tt) = (cr + d) wt M £ 7l ,Z>, r) 

3=0 

G5L 2 (Z) andpy( 7 ) = hj] [Z]. 
Here is the first main theorem in this paper. 

Theorem I. Let V be a rational, Ci-cofinite, self dual simple vertex operator algebra. Then 
each Zi{v,t) is a modular form of weight wthv] on a congruence subgroup of SLzffi) of level 
n which is the smallest positive integer such that n(Aj — c/24) is an integer for all i. In 
particular, each q-character \% is a modular function on the same congruence subgroup. 

We should remark that the modularity of the (/-characters of irreducible modules for 
some known vertex operator algebras such as those associated to the highest weight uni- 
tary representations for Kac-Moody algebras [KP], [K] and the Virasoro algebra [Ro] were 
previously known. The readers are referred to [DMN] for the modularity of Zi(v,r) when 
V is a vertex operator algebra associated to a positive definite even lattice. 

According to [H2, H3], the category Cy of modules of a rational and C2-cofinite vertex 
operator algebra V under the tensor product defined in [HL1, HL2, HL3, HI] is a modular 
tensor category over C. To establish this theorem we have to turn our attention to general 
modular tensor categories. 

Modular tensor categories, or simply called modular categories, play an integral role 
in the Reshetikhin-Turaev TQFT invariant of 3-manifolds [Tu], and topological quantum 
computation [Wan]. They also constitute another formalization of RCFT [MS, BK]. 
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Parallel to a rational conformal field theory, associated to a modular category A are the 
invertible matrices I and t indexed by the set II of isomorphism classes of simple objects of 
A. These matrices define a projective representation p^ of SL^ffi) by the assignment 

H> t , 

and the well-known presentation SX2(Z) = (s, t | s 4 = 1, (st) 3 = s 2 ) of the modular group. It 
was proved by Ng and Schauenburg in [NS4] that the kernel of this projective representation 
of SLi^L") is a congruence subgroup of level iV where N is the order of t. Moreover, both s 
and t are matrices over Q^r. For factorizable semisimple Hopf algebras, the corresponding 
result was proved previously by Sommerhauser and Zhu [SZ1]. 

The projective representation ~p^ can be lifted to an ordinary representation of SL2 (Z) 
which is called a modular representation of A in [NS4]. There are only finitely many modular 
representations of A but, in general, none of them is a canonical choice. However, if A is the 
Drinfeld center of a spherical fusion category, then A is modular (cf. [Mu2]) and it admits 
a canonical modular representation defined over Qjv whose kernel is a congruence subgroup 
of level N (cf. [NS4]). The canonical modular representation of the module category over 
the Drinfeld double of a semisimple Hopf algebra was shown to have a congruence kernel 
as well as Galois symmetry in [SZ1]. 

The second main theorem of this paper is to prove that the congruence property and 
Galois symmetry holds for all modular representations of any modular category. 

Theorem II. Let A be a modular category over any algebraically field k of characteristic 
zero with the set of isomorphism classes of simple objects U, and Frobenius-Schur exponent 
N. Suppose p : 6X2(2) — > GLjj(h) is a modular representation of A where GXn(k) denotes 
the group of invertible matrices over k indexed by II. Set s = p(s) and t = p(t). Then: 

(i) ker p is a congruence subgroup of level n where n = ord(t). Moreover, N \ n \ YIN . 

(ii) p is Q n -rational, i.e. imp < GL]j(Q n ), where Q n = Q(Cn) for some primitive n-th 
root of unity ( n 6k. 

(iii) For a G Gal(Q„/Q), G a = a(s)s~ 1 is a signed permutation matrix, and 

a 2 (p(7)) = G a p(^)G~ l 

for all -ye SL 2 {Z). 

(iv) Let a be an integer relatively prime to n with an inverse b modulo n. For the 
automorphism a a of <Q n given by Cn. ^ Cn> 

G(j a = t a st b st a s^ . 

We now return to the modular tensor category Cy associated to a rational, C2-cofinite 
and self dual vertex operator algebra V. This yields a projective representation of SX2(Z) 
on space spanned by the equivalent classes of irreducible V- modules. We show in Theorem 
3.11 that the representation py of SL^i^) is a modular representation of Cy. This implies 
that the kernel of py is a congruence subgroup of SX2(Z). 
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Although the congruence property proved in Theorem II is motivated by solving the 
congruence property conjecture on the trace functions of vertex operator algebras, the 
result has its own importance. We will discuss about this in the rest of introduction. 

It was also shown in [SZ1] that the matrix t of the module category over a factorizable 
Hopf algebra also enjoys the Galois symmetry, a 2 (t) = G a iG~ l for any a £ Q^. However, 
this extra symmetry does not hold for a general modular category A (see Example 4.5). 
This condition is, in fact, a consequence of the order of the quotient of the Gauss sums, 
called the anomaly, of A. It is proved in Proposition 4.6 that such property of the T-matrix 
is equivalent to that the anomaly is a fourth root of unity. We will prove in Proposition 
6.5 that the anomaly of any integral modular category is always a fourth root of unity. 
Therefore, the T-matrix of any integral modular category enjoys the Galois symmetry. For 
a quasi-integral modular category, such as the Ising model, the anomaly is always an eighth 
root of unity (Theorem 6.8). 

Using Theorem II, we uncover some relations among the global dimension dim A, the 
Frobenius-Schur exponent N and the order of the anomaly a of a modular category A. 
We define J4 = (_1 ji+ord" to record the parity of the order of the anomaly. If N is not a 
multiple of 4, then J4 dim A has a square root in Qjy. In addition, if dirndl is an odd integer, 
then J4 coincides with the Jacobi symbol ( di ^ n 1 ^ ) • The consequence of this observation is a 
result closely related to the quantum Cauchy theorem of integral fusion category. 

The organization of this paper is as follows: Section 1 covers some basic definitions, 
conventions and preliminary results on spherical fusion categories and modular categories. 
In Section 2, we prove the congruence property, Theorem II (i) and (ii), by proving a 
lifting theorem of modular projective representations with congruence kernels. In Section 
3, we prove the associated representation of modular invariance of trace functions of a 
rational, C2-cofinite vertex operator algebra V is a modular representation of its module 
category. Using Theorem II (i) and (ii) obtained in Section 2, we prove Theorem I: The 
trace functions of V are modular forms. In Section 4, we assume the technical Lemma 4.2 
to prove the Galois symmetry of modular categories as well as RCFTs, Theorem II (iii) and 
(iv). Section 5 is devoted to the proof of Lemma 4.2 by using generalized Frobenius-Schur 
indicators. In Section 6, we use the congruence property and Galois symmetry of modular 
categories (Theorem II) to uncover some arithmetic relations among the global dimension, 
the Frobenius-Schur exponent and the anomaly of a modular category. In particular, we 
determine the order of the anomaly of a modular category satisfying certain integrality 
conditions. 

1. Basics of modular tensor categories 

In this section, we will collect some conventions and preliminary results on spherical 
fusion categories and modular categories. Most of these results are quite well-known, and 
the readers are referred to [Tu, BK, NS1, NS2, NS3, NS4] and the references therein. 

Throughout this paper, k is always assumed to be an algebraically closed field of char- 
acteristic zero, and the group of invertible matrices over a commutative ring K indexed by 
n is denoted by GLn(K), and we will write PGLn(K) for its associated projective linear 
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group. If II = {1, . . . , r} for some positive integer r, then GLu(K) (resp. PGLjj(K)) will 
be denoted by the standard notation GL r (K) (resp. PGL r (K)) instead. 

For any primitive ra-th root of unity £n G k, Q n := Q(Cn) is the smallest subfield of k 
containing all the n-th roots of unity in k. Recall that Gal(Q n /Q) = U(Z n ), the group of 
units of Z n . Let a be an integer relative prime to n. The associated a a G Gal(Q n /Q) is 
defined by 

Ca(Cn) = C • 

Let Q a b = UneN * ne abelian closure of Q in k. Since Q n is Galois over Q, a(Q 
for all automorphisms a of Q a b- Moreover, the restriction map Aut(Q a b) — — > Gal(Q n /Q) is 
surjective for all positive integer n. Thus, for any integer a relative prime to n, there exists 
a G Aut(Q a b) such that a\q n = a a . 

1.1. Spherical fusion categories. In a left rigid monoidal category C with tensor product 
CS> and unit object 1, a left dual V y of V G C with morphisms dby : 1 — > V <8> ^ v and 
evy : V y ®V — > 1 is denoted by the triple (V v , dby, evy). The left duality can be extended 
to a monoidal functor (— ) v : C — > C op , and so ( — ) vv : C — > C is a monoidal equivalence. 
Moreover we can choose l v = 1. A pivotal structure of C is an isomorphism j : Idc —> ( — ) vv 
of monoidal functors. One can respectively define the left and the right pivotal traces of an 
endomorphism / : V — > V in C as 

ptr £ (/)= ^Av^^^T^^V^V^V^l) and 

ptr r (/) = (l ^> y V y ^ V ® F v ^> F vv ® F v ^> lV 

The pivotal structure is called spherical if the two pivotal traces coincide for all endomor- 
phism / in C. 

A pivotal (resp. spherical) category (C,j) is a left rigid monoidal category C equipped 
with a pivotal (resp. spherical) structure j. We will simply denote the pair (C,j) by C when 
there is no ambiguity. The left and the right pivotal dimensions of V £ C are defined as 
de(V) = ptr^(idy) and d r (V) = ptr r (idy) respectively. In a spherical category, the pivotal 
traces and dimensions will be denoted by ptr(/) and d{V) (or dimV), respectively. 

A fusion category C over the field k is an abelian k-linear semisimple (left) rigid monoidal 
category with a simple unit object 1, finite-dimensional morphism spaces and finitely many 
isomorphism classes of simple objects (cf. [ENO]). We will denote by lie the set of iso- 
morphism classes of simple objects of C, and the isomorphism class of 1, unless stated 
otherwise. If i € lie, we write i* for the (left) dual of the isomorphism class i. Moreover, 
i i — y z* defines a permutation of order < 2 on Lie. 

In a spherical fusion category C over k, d(V) can be identified with a scalar in k for 
V £ C. We abbreviate di 6 k for the pivotal dimension of i G ILj. By [Mul, Lem. 2.8], 
di = di* for all i G lie • The global dimension dim C of C is defined by 

dim C = ■ 

«en c 
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A pivotal category (C,j) is said to be strict if C is a strict monoidal category and the 
pivotal structure j as well as the canonical isomorphism (V® W) y — > W y ®V y are identities. 
It has been proved in [NS1, Thm. 2.2] that every pivotal category is pivotally equivalent to 
a strict pivotal category. 



1.2. Representations of the modular group. The modular group 6X2(2) is the group 
of 2 x 2 integral matrices with determinant 1. It is well-known that the modular group is 
generated by 



(1.1) 



-1 

1 



and t 



1 1 
1 



with defining relations (st) 3 = s 2 and s 4 = id . 



We denote by T(n) for the kernel of the reduction modulo n epimorphism ir n : SLiffi) — > 
6X2 (2 n ). A subgroup L of SL-2^L) is called a congruence subgroup of level n if n is the 
least positive integer for which T(n) < L. 

For any pair of matrices A, B in GX r (k), r G N, satisfying the conditions 

A A = id and {ABf = A 2 , 

one can define a representation p : 6^2(2) — > GX r (k) such that p(s) = A and p(i) = B via 
the presentation (1.1) of 6X2(2). 

Suppose p : SX2(Z) — > PGL r (k) is a projective representation of 6X2(2). A lifting 
of p is an ordinary representation p : 6X2(2) — > GX r (k) such that 77 o p = ~p, where r\ : 
GL r (k) — > PGL r (k) is the natural surjection map. One can always lift p to a representation 
p : 6L 2 (2) -> GL r (k) as follows: Let A,B € GL r (k) such that p(s) = r/(i) andp(t) = 7/(S). 
Then 

i 4 = p s id and {ABf = p t A 2 

for some scalars p s , pt G k x . Take A,( S k such that A 4 = p s and £ 3 = and set ^4 = jA 
and 5 = Then we have 

= id and (ABf = A 2 . 
Therefore, the assignment p : s 1— >■ A, 1 1— > B defines a lifting of p. 

Let p be a lifting of p. Suppose x G k is a 12-th root of unity. Then the assignment 

(1.2) p x : s i-> -^p(s), t ^ xp(t) 

also defines a lifting of p. If p' : 6L 2 (2) — ^ GX r (k) is another lifting of p, then 

p (s) = ap(s) and p(t) = bp(t) 

for some a,b G k x . It follows immediately from (1.1) that a 4 = 1 and (a&) 3 = a 2 . This 
implies 6 12 = 1 and 6 -3 = a. Therefore, p 1 = pb and so p has at most 12 liftings. 

For any 12-th root of unity x G k, the assignment Xx '■ s 1— > x~ 3 ,t 1— > x defines a 
linear character of SX 2 (2). It is straightforward to check that Xx <8> p is isomorphic p^ as 
representations of 6X2(2). Therefore, the lifting of p is unique up to a linear character of 
6L 2 (2). 
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1.3. Modular Categories. Following [Ka], a twist (or ribbon structure) of a left rigid 
braided monoidal category C with a braiding c is an automorphism 9 of the identity functor 
Idc satisfying 

for V,W £ C. Associate to the braiding c is the Drinfeld isomorphism u : Idc — > (— ) vv . 
When C is a braided fusion category over k, there is a one-to-one correspondence between 
twists 9 and spherical structures j of C given by 9 = u~ 1 j. 

A modular tensor category over k (cf. [Tu, BK]), also simply called a modular category, 
is a braided spherical fusion category A over k such that the S-matrix of A defined by 

Sij = ptr (cy.,y,, o c V .*y.) 

is non-singular, where Vj denotes an object in the class j G Il_4. In this case, the associated 
ribbon structure 9 is of finite order N (cf. [Va, BK]). Let 9y i = 9i'\dy i for some 9{ G k. 
Since 9\ = idi, 0$ = 1- The T -matrix of A is defined by Uj = 6ij9j for i,j G II^. It is 
immediate to see that ord(t) = N, which is called the Frobenius-Schur exponent of A and 
denoted by FSexp(^4) (cf. [NS3] or Section 5.1). 

The matrices s, t of a modular category A satisfy the conditions: 

(1.3) (si) 3 = p^s 2 , s 2 = p\p A C, Ci = tC, C 2 = id, 

where p^ = X^ieri .« are cane d the Gauss sums, and C = [%*]jjeiU is called the 

charge conjugation matrix of A. The quotient ^4 is a root of unity, and 

Pa 

(1.4) VjPa = dim ,4 / 0. 
Moreover, s satisfies 

(1.5) §ij = Sji and s~ij* = s~i*j 
for all i,j G 

The relations (1.3) imply that 

(1.6) p^: 5 H> r](s) and ti->- 77(f), 

defines a projective representation of SL,2(Z), where 77 : GLn A (k) — > PGL]j A (k) is the 
natural surjection. By [NS4, Thm. 6.8], ker 7^4 is a congruence subgroup of level N. 

Following [NS4], a lifting p of ~p A is called a modular representation of A. By (1.4), for 

any 6-th root ( G k of ^4, f^f) = dim .A. It follows from (1.3) that the assignment 



C 1 

(1.7) ^rs, -t 

Pa C 

defines a modular representation of .4. 

Thus, if p is a modular representation of A, it follows from Section 1.2 that p = p% for 
some 12-th root of unity x G k. Thus p(s) 2 = ±C. More precisely, /o(s) 2 = z 6 C. 
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A modular category A is called anomaly-free if the quotient ^4 = 1. The terminology 

Pa 

addresses the associated anomaly- free TQFT with such modular category [Tu]. In this 

spirit, we will simply call the quotient aj^ := ^4 the anomaly of A. In fact, the anomaly 

Pa 

of A, or its square root, is a factor of the Reshetikhin-Turaev invariants of 3-manifold 
associated with A. 

If A is an anomaly-free modular category, then is a canonical choice of square root of 
dim .4, and hence a canonical modular representation of A determined by the assignment 

/ N 1 

(1.8) pa ■ s (->■ — -s, t !->■£. 

Pa 

For any modular category A over C, dirndl > (cf. [ENO]). The central charge c of 

A is a rational number modulo 8 given by exp (^J^) = -7=^= ^ where y/d\mA denotes the 
positive square root of dim .4, and so the anomaly a of A is given by 



(1.9) a = exp 



7TZC 

y 

We will show in Theorem 3.11 that the central charge c of the modular category Cy is equal 
to central charge c of V modulo 8. 



Remark 1.1. The S and T-matrices of a modular category are preserved by equivalence 
of braided pivotal categories over k, and so are the dimensions of simple objects, the global 
dimension, the Gauss sums as well as the anomaly. By the last paragraph of Section 1.1, 
without loss of generality, we may assume that the underlying pivotal category of a modular 
category over Ik is strict. 

1.4. Quantum doubles of spherical fusion categories. Let C be a strict monoidal 
category. The left Drinfeld center Z{C) of C is a category whose objects are pairs X = 
(X, ax) in which X is an object of C, and the half-braiding o~x(~) '■ X (— ) — > (— ) <g> X 
is a natural isomorphism satisfying the properties o"x(l) = idx and 

(V a x (W)) o (<j x (V) ®W) = axiy <g> W) 

for all V, W S C. It is well-known that Z(C) is a braided strict monoidal category (cf. [Ka]) 
with unit object and tensor product (X, ax) ® (Y,cry) := (X ®Y,ux®y), where 

o-x®y(V) = (a x (V) ®Y)o(X® a Y (V)), o x (V) = i&v 

for V £ C. The forgetful functor Z(C) — > C, X = (X, a x ) *— > X, is a strict monoidal functor. 

When C is a (strict) spherical fusion category over k, by Miiger's result [Mu2], the center 
Z(C) is a modular category over k with the inherited spherical structure from C. In addition, 

PZ(C) = dimC = Pz(c) ■ 

Therefore, Z(C) is anomaly-free and it admits a canonical modular representation pz(c) 
described in (1.8). In particular, 

(1-10) Pz(C)(*)=* and p Z (c)(*) = ^[q^ 
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which is called the canonical normalization of the 5-matrix of Z(C). By [NS4, Thm. 6.7 
and 7.1], her pz(c) is a congruence subgroup of level N, andimpz(C) < GXn z(C) (Qn), where 
N = ord(t). 

2. Rationality and Kernels of Modular Representations 

In this section, we will prove the congruence property (i) and (ii) of Theorem II. Recall 
that associated to a projective representation p : G — > PGL r (k) of a group G is a cohomol- 
ogy class K-p G H 2 (G,k x ). For any section i : PGL r (k) — > GL r (k) of the natural surjection 
7] : GL r (k) — > PGL r (k), the function j L : G x G — > k x given by 

p t (a6) = 7 t (a, b)p L (a)p L {b) 

determines a 2-cocycle in Kp, where p t = l o p. The cohomology class Kp is trivial if, and 
only if, there exists a section i of rj such that p L : G —> GL r (k) is a linear representation. 

Let 7r : L — >■ G be a group homomorphism. For any 2-cocycle 7 £ Z 2 (G, k x ), 70 (7r x -zr) € 
Z 2 (L,k x ). The assignment 7 1— )• 7 o (tt x 7r) of 2-cocycles induces the group homomorphism 
7r* : ff 2 (G,k x ) — >■ H 2 (L,k x ). In particular, 7r*Kp G H 2 (L,k x ) is associated with the 
projective representation ~p~ on : L ^ PGL r (k). 

The homology group H2(G,Z) is often called the Schur multiplier of G [We]. Since k x is 
a divisible abelian group, H 2 (G, k x ) is naturally isomorphic to Hom(H2(G, Z), k x ) for any 
group G. This natural isomorphism allows us to summarize the result of Beyl [Be, Thm. 
3.9 and Cor. 3.10] on the Schur multiplier of SX2(Z m ) as the following theorem. The case 
for odd integers m was originally proved by Mennicke [Me]. 

Theorem 2.1. Let k be an algebraically closed field of characteristic zero, andm an integer 
greater than 1. Then H 2 (SL2(1> m ), k x ) = Z2 i/4 | m, and is trivial otherwise. Moreover, 
the image of the inflation map it* : i/ 2 (5L2(Z m ),k x ) — > H 2 (S L2(Zi2m) , k x ) along the nat- 
ural reduction map tt : 6X2(^2™) — > SL2 (Z m ) is always trivial. □ 

Theorem 2.1 is essential to the following lifting lemma of projective representation of 
SL 2 (Z). 

Lemma 2.2. Suppose ~p : 6X2(2) — >■ PGL r (k) is a projective representation for some 
positive integer r such that ker p is a congruence subgroup of level n. Let ~p n : SL^i^n) ~^ 
PGL r (k) be the projective representation which satisfies ~p = ~p n o n n , where ir n : SL2{'L) — > 
SL2(Z n ) is the reduction modulo n map, and k denote the associated 2nd cohomology class 
in H 2 (SL 2 (Z n ),k x ). Then 

(i) the class k is trivial if, and only if, ~p admits a lifting whose kernel is a congruence 
subgroup of level n. 

(ii) If k is not trivial, then 4 | n and ~p admits a lifting whose kernel is a congruence 
subgroup of level 2n. 

In particular, there exists a lifting pof~p such that ker p is a congruence subgroup containing 
r(2n). 
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Proof, (i) If k is trivial, there exists a section i : PGL r (h) — > GL r (k) of r\ such that i o ~p n 
is a representation of SL2(Z n ). Then p := l o ~p n o ir n is a representation of 61/2(2) and 
i) o p = p, In particular, ker p is a congruence subgroup of level at most n. Obviously, 
ker p < ker 75. Since ker p is of level n, the level of ker p is at least n. Therefore, ker p is of 
level n. 

Conversely, assume p : 6X2(2) —> GL r (k) is a representation whose kernel is a congruence 
subgroup of level n and p = rj o p. Then, there exists a section 1 : PGL r (h) — > GL r (k) of 7] 
such that p = l o p and hence p = i o ~p n o ir n . Moreover, p factors through a representation 
p n : SX2(Z n ) — > GL r (k) which satisfies the commutative diagram: 

SL 2 {Z) — GL r (k) 
SL 2 (Z n ) -^PGL r (k). 

Pn 

Here, the commutativity of the lower right triangle follows from the surjectivity of 7r n . This 
implies p n = top n , and so k is trivial. 

(ii) Now, we consider the case when n is not trivial. By Theorem 2.1, 4 | n and 
7t*(k) G H 2 (S L2(1<2n) , k x ) is trivial where 7r : SL2(1i2n) — > SL2{1> n ) is the natural surjec- 
tion (reduction) map. The composition p n o n : SL<z(lj2n) PGL r (k) defines a projective 
representation of SL2(1i2n), and its associated class in H 2 (SL2(Z'2n),^ x ) is 7r*(«). Since 
7t*(k) is trivial, there exists a section t : PGL r (k) — > GL r (k) of rj such that / = 1 o ~p n o n 
is a representation of SL,2(^2n)- Moreover, / satisfies the commutative diagram: 




SL 2 {Z n )^+PGL r (k). 

Pn 



Set p = f oir2n = to~p. Then rjo p = ~p and T(2n) < ker p. Suppose T(m) < ker p for some 
positive integer m < 2n. Then, m \ 2n and T(m) < kerp < ker p. Since kerp is of level n, 
n I m. Thus, m = n, and hence ker p is a congruence subgroup of level n. It follows from 
(i) that k is trivial, a contradiction. Therefore, ker p is of level 2n. □ 

Now we can prove the following lifting theorem of projective representation of SL2(Z) 
with congruence kernel. 

Theorem 2.3. Suppose p : 6X2(2) — > PGL r (k) is a projective representation for some 
positive integer r such that kerp is a congruence subgroup of level n. Then the kernel of 
any lifting of~p is a congruence subgroup of level m where n \ m\ Yin. 



CONGRUENCE PROPERTY IN CONFORMAL FIELD THEORY 



11 



Proof. By Lemma 2.2, p admits a lifting £ such that ker£ is congruence subgroup containing 
r(2n). Let p be a lifting of p- By Section 1.2, /) = £ x = ® £, for some 12-th root of unity 
x G k. Note that 5L 2 (Z)/S"L 2 (Z) / ^ Z i2 and T(12) < SL 2 (Z)'. Therefore, T(12) < ker^x 
and hence 

ker(xr ® 2 SL 2 (I<y n T(2n) D T(12) n T(2n) = r(12n). 
Therefore, /} has a congruence kernel containing T(12n) and so m \ Yin. Since T(m) < 
ker p < ker ~p and ker ~p is of level n, n \ m. □ 

The consequence of Theorem 2.3 is a proof for the statements (i) and (ii) of Theorem II. 

Proof of Theorem II (i) and (ii). By [NS4, Thm. 6.8], the projective modular repre- 
sentation of a modular category A over k has a congruence kernel of level N where N 
is the order of the T-matrix of A. It follows immediately from Theorem 2.3 that every 
modular representation p has a congruence kernel of level n where N \ n | 12iV. By Lemma 
A.l, ord(p(t)) = n. Now the statement Theorem II (ii) follows directly from [NS4, Thm. 
7.1]. □ 

The congruence property, Theorem II (i) and (ii), is essential to the proof of Theorem I 
and Galois symmetry of modular categories in Sections 4 and 5. 

Definition 2.4. Let A be a modular category over k with FSexp(.A) = N . 

(i) By virtue of Theorem II (i), a modular representation p of A is said to be of level 
n if ord(p(t)) = n. 

(ii) The projective modular representation ~p^ of A factors through a projective represen- 
tation ~p A N of 5L 2 (Z7v)- We denote by k_4 the cohomology class in -ff 2 (SX 2 (Zjv), k x ) 
associated with /5.4,7V- 

By Theorem 2.1, the order of kj^ is at most 2. If 4 f FSexp(^4), k_4 is trivial. However, if 
4 | FSexp(^4), Lemma 2.2 provides the following criterion to decide the order of k^. 

Corollary 2.5. Let A be a modular category over k. Suppose N = FSexp(^4) and £ £ k is 
a 6-th root of the anomaly of A. Then k_a is trivial if, and only if, {x/Q = 1 for some 
12-th root of unity In this case, x 3 p^/£ 3 E Qn- In- particular, if 4 { N, then there 

exists a 12-th root of unity x G k such that 

(x/C) N = l, and x 3 p+/C 3 GQjv- 

Proof. By (1.7), C determines the modular representation p** of A given by 

c C 3 1- 
p '. s i y —rs, 1 1 y ~t . 

Pa < 

By Lemma 2.2 (i) and the paragraph of (1.2), k_4 is trivial if, and only if, there exists a 12-th 
root of unity i£l such that px is a level N modular representation of A. By Theorem 
II (i), this is equivalent to id = (ft) N or (^) N = 1. In this case, Theorem II (ii) implies 

3 + s G GLji a (Qn) and hence -|-rp G Qn- The last statement follows immediately from 

x X Pj^ 

Theorem 2.1. □ 
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The corollary implies some arithmetic relations among the Frobenius-Schur exponent, the 
global dimension and the anomaly of a modular category. These arithmetic consequences 
will be discussed in Section 6. 

3. Modularity of trace functions for rational vertex operator algebras 

In this section we prove that the trace functions of a rational, C2-cofinite vertex operator 
algebra V are modular forms on some congruence subgroup by showing that the represen- 
tation pv of SLiiTL') defined by modular transformation of the trace functions of V is a 
modular representation of Cy . The congruence subgroup property obtained in Section 2 is 
then applied to pv to conclude the modularity of the trace functions of V. 

3.1. Preliminary. In this subsection we briefly review some basics of vertex operator al- 
gebras following [FLM], [FHL], [DLM1], [DLM2], [LL] and [Z]. 

Let V = (V,Y, 1,oj) be a vertex operator algebra. Then V is C2-cofinite if the subspace 
Cziy) of V spanned by all elements of type a_2^ for a, b in V has finite codimension in V. 
Recall from [DLM2] that V is rational if any admissible module is completely reducible. It is 
proved in [DLM2] that if V is rational then V has only finitely many irreducible admissible 
modules M°, ...,M P up to isomorphism and there exist Aj G C for i = 0, ...,p such that 

where My ^ and L(0)\ M i = Aj + n for any n G Z. Moreover, if V is also assumed to 

be C2-cofinite, then Aj and the central charge c of V are rational numbers (see [DLM4]). In 
this paper we always assume that V is simple and we take M° to be V. 

Another important concept is the contragredient module. Let M = (BasC ^\ be a 
V-module. Set M' = AeC M^, the restricted dual of M. It is proved in [FHL] that 
M' = (M', Y') is naturally a V-module such that 

(Y'(a,z)u',v) = (tt' i y(e sL < 1 '(-?- 3 ) £( \2" 1 )w}, 

for a G V,u' G M' and v G M, and (M')' ~ M. Moreover, if M is irreducible, so is M' . A 
^-module M is said to be self dual if M and M' are isomorphic. In this paper, we'll always 
assume that the vertex operator algebra V satisfies the following assumptions: 

(VI) V = (Bn>oV n with dim Vq = 1 is simple and is self dual, 
(V2) V is C2-cofinite and is rational. 

The assumption (V2) is equivalent to the regularity [DLM1]. That is, any weak module 
is completely reducible. 

We now recall the notion of intertwining operator and fusion rule from [FHL]. Let 
W l = (W l , Y W i) for i = 1, 2, 3 be weak ^/-modules. An intertwining operator y(-, z) of type 
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w T w2 ) i8 a linear map 

y(; z) : W 1 -> Hom(VF 2 , W 3 ){z}, v 1 i-> \ z) = ^ u^-™" 1 

neC 

satisfying the following conditions: 

(i) For any v 1 G W ,v 2 G VF 2 and A € C, "y^ +A w 2 = for n£Z sufficiently large. 

(ii) For any a G V, u 1 G VF 1 , 

— )*Vs( a > ^^(v 1 , z 2 ) - z~ ^(-^ — )3^(v 1 , z 2 )Y w2 (a, zi) 

zo —zq 

= z~ 1 5(— —)y(Y w i(a,z )v 1 ,z 2 ). 

Z2 

(iii) For v 1 G W 1 , —y(v 1 ,z)=y(L(-l)v 1 ,z). 

dz 

( W 3 \ ( W 3 

All of the intertwining operators of type I ^\ ^ 2 j form a vector space denoted by Ly I ^ 

( W 3 \ ( W 3 \ 

The dimension of Ly I ^ 2 ) is called the fusion rule of type I ^ 2 j f° r V, which is 

denoted by N^ w2 . 

The following properties of the fusion rule are well known (cf. [FELL]). 

Proposition 3.1. Let V be a vertex operator algebra, and M % , M J , M k be three irreducible 
V -modules. Then we have: 

(i) N l j>k = JVg„, where we use W e to denote (W*)' and N l j>k = N$ Mk ; 

Let W 1 and W 2 be two ^-modules. The tensor product for the ordered pair (W 1 , W 2 ) is 
a pair (W, F(-,z)), which consists of a ^-module W and an intertwining operator F(-, z) of 
f W \ 

type I J j such that the following universal property holds: For any F-module M and 

any intertwining operator J(-, z) of type ^^^^2^ > there exists a unique y-homomorphism 

4> from l¥ to M such that I(-,z) = <fi o z). 

If the tensor product of two irreducible modules VF 1 and P^ 2 exists, we will denote it by 
W 1 M W 2 . Then we have (cf. [ABD] and [HL1], [HL2] , [HL3]) the following result. 

Theorem 3.2. Let V be a rational and C 2 -cofinite vertex operator algebra, and M l , M J ,M k 
be any three irreducible modules of V . Then: 

(i) The fusion rules N k - are finite. 

(ii) The tensor product M l S M J of M % and M J exists and is equal to Nf-M k . 
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We finally review some facts about modular transformation of trace functions of irre- 
ducible modules of vertex operator algebra from [Z]. Let V be a rational and C2-cofinite 
vertex operator algebra, and M°, ...,M P be the irreducible ^-modules as before. There is 
another VOA structure (V, Y"[-,z], l,w — c/24) on V introduced in [Z]. In particular, 

V = ®n>0V [n] . 

We will write wt[v] = n if v G Vj n j. For each v G V n , we denote t> n -i by o(t>) and extend to 
V linearly. Recall that M* : 

^^,g)=tr Ml0 ( V )g i (°)- c / 24 



~ M* i+n . For v £ V we set 



n>0 



Aj+n 



o(u))g 



Ai+n-c/24 



which is a formal power series in variable q. The constant c here is the central charge of V. 
The Zi(l,q) which is denoted by ch q M l sometimes is called the g-character of M\ Then 
Zi(v,q) converges to a holomorphic function in < \q\ < 1 [Z]. As usual let F) = {r G C | 
imr > 0} and q = e 27rlT with t£ f). We also denote the holomorphic function Zi(v,q) by 
Zi(v,r) when we discuss modular transformations of these functions. 

The full modular group SX2(Z) acts on f) by: 

G 5L 2 (Z). 



ar + 6 
7 : r h-> -, 7 



a 6 
c d 



ct + d 

The following theorem was established in [Z]. 

Theorem 3.3. Xei V be a rational and C2-cofinite vertex operator algebra, and M°, .. 
be the irreducible V -modules. Then for any 7 G SX2(Z) there exists pv(l) = [7ij]i,j=0, 
GL p+ i(C) such that for any < i < p and v G VLi 



MP 
G 



Z 4 (t;,7T) = ( C T + dr t ^ 
J=0 



Theorem 3.3, in fact, gives a group homomorphism py : SLi^L) 
Pv(l) the genus 1 modular matrices. In particular, 



GL p+1 (C). We call 



S 



Pv 



-1 




and T 



PV 



1 1 
1 



are respectively called the genus one S and T-matrices of V . It is immediately to see that 

One of our main goals in this paper is to show that the kernel of py is a congruence 
subgroup. 

We also need the following results on Verlinde formula [Ve] from [H2] and [H3] (also see 
[MS]). 

Theorem 3.4. Let V be a vertex operator algebra satisfying the conditions (VI) and (V2). 
Then the genus one S-matrix of V defined above has the following properties: 



(i) S is symmetric and S 2 
also symmetric. 



C , where Cj,- = 5ij* . In particular, C has order 2 and is 
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(ii) S ij - s i*j - Sij* ■ 

(iii) (Verlinde formula) For any i,j, k £ {0, 




k _ \ " ^iq^jq 



We need the following lemma which is quite well known in the physics literature. 

Lemma 3.5. Let V be a vertex operator algebra satisfying (VI) and (V2). Then Soj = 
Sjo > for all j. 

Proof. Set Xj( T ) = Zj(t,T). Then it follows from the definition that Xj(w) is positive if 
y > 0. By Theorem 3.3 we have 



Using Lemma 4.2 of [DJX] we know that ^ is positive for all j. This implies immediately 
that 5oo is positive. Consequently, Sqj is positive for all j. □ 

3.2. Unitarity of S. In this subsection, we will prove that the genus one S-matrix of V 
defined in Section 3.1 is unitary. The proof follows essentially from that given in [ENO] for 
the unitarity of a normalized 5-matrix of a modular category. 

The fusion matrices N(i) for i € {0, is defined by N{i)j^ = N-'j. Here are some 

properties of the fusion rules and fusion matrices from [DJX]. 

Lemma 3.6. Let V be a vertex operator algebra satisfying the conditions (VI) and (V2). 
Then we have 



(iii) N(i) T = N(i*), 

(iv) N(i)N(j) = N(j)N(i) for any i,j,k,q,r. 

Recall that S 2 = C from Section 3.1. 

Proposition 3.7. Let V be a vertex operator algebra satisfying the conditions (VI) and 
(V2). Then the genus one S -matrix of V defined in Section 3.1 satisfies S = SC. In 
particular, S is unitary. 

Proof. Let = A T for any complex matrix. Then S^iV(i)Sj = J^-S^Sj, where Sj denotes 
the j-th column of S. On the other hand, 




j=0 



(i) Nj°j = NjCj*, 




16 



CHONGYING DONG, XINGJUN LIN, AND SIU-HUNG NG 



Sij_ _ Sjtj q _ Sp 

S%j = Si*j. The proof is complete. □ 



This implies that = -=-, or = -u^-Si*j for all Lemma 3.5 then claims that 

s 0j boi J "CM J 



The following result could be proved easily by using Proposition 3.7: 
Corollary 3.8. Let V be a vertex operator algebra satisfying the conditions (VI) and (V2). 
For any u G Vj m ], v G V[ n ], 7 = ^ ^ € SX 2 (Z) and t\,t 2 G f) we /lave 

^Zi(n,7Ti)Zi(u,7T 2 ) = (cri + ef) m (cT 2 + <f) n ^ Z, (tt, T 1 )Z i (v,T 2 ). 

i i 

In particular, J2o<i<p \Xi{ T )\ 2 is invariant under the action of SL 2 (1,). 

Proof. Note that T is a diagonal matrix with diagonal entries e 27rt ( A j- c / 24 ) f or j — 0, 
which is clearly an unitary matrix as Xj and c are rational numbers. It follows from Propo- 
sition 3.7 that the representation p is unitary. Set 

f(n,T 2 ) = ^2Zi(u,Tx)Zi(v,T 2 ). 

i 

f (7Ti,7T2) = ^Zi(tt,7ri)Z i (u,7r 2 ) 

i 

= (en + d) m {cT 2 + cf) n ^2n/ijZ j (u,T 1 ) 7 y^Z k (v,T 2 ) 

as required. □ 

Here we use Corollary 3.8 to study the extensions of vertex operator algebras. As before 
we assume that V is a vertex operator algebra satisfies conditions (VI) and (V2). We also 
assume that U is an extension of V satisfying (VI) and (V2). Then U = s ^ i niM t as a 
^-module where rij > and no = 1 as the vacuum vector is unique. The main goal is to 
determine the possibility of rij. There have been a lot of discussion on this in the literature 
(see for example, [CIZ1]-[CIZ2] and [Gl]) using the modular invariance of the characters. It 
seems that using the characters of irreducible modules is not good enough as the characters 
of irreducible modules are not linearly independent in general. In this section we use the 
conformal block instead of the characters to approach the problem. 

For u, v G V, we set 

v 

f V (u,V,Tl,T 2 ) = ^2Z i (u,T 1 )Z i (v,T 2 ) 
8=0 

(cf. Corollary 3.8). Similarly we can define 

fu(u, v, n, r 2 ) = ^2 Z M (u, ri)Z M (v, T 2 ) 
M 
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for u,v G U where M ranges through the equivalent classes of irreducible [/-modules. Since 
each irreducible [/-module M is a direct sum of irreducible ^-modules, we see that for 

u, v G V 

v 

fu(u,V,Tl,T 2 ) = X i jZi(u,T 1 )Zi(v,T 2 ) 
i,j=0 

for some Xij G Z + for all If u = v = t and t\ = t 2 = r, then fu(l, l,r, r) which is 
the sum of square norms of the irreducible characters of U is SX 2 (Z)-invariant. We now 
determine the matrix X = [Xij]. It will be clear from our proof below that the £X 2 (Z)- 
invariance of /[/(1, 1, r, r) is not good enough to determine the matrix X. 

Proposition 3.9. The matrix X satisfies (i) Xqq = 1, (ii) Xj = jX where 7 G SL 2 (Z) 
and is identified with the modular transformation matrix pv{l)- 



Proof. For any u G Vj m i, let Z(ii, r) 



Z (u,t) 



Z p (u,t) 



Then 



Z(u,7r) = (cr + d) m jZ(u,T) and /[/(«, u, n, r 2 ) = Z(u, T\) T XZ{v , r 2 ). 
By Corollary 3.8, 

(cri + d) m (cr 2 + d) n Z(u,T 1 ) T XZ(v,r 2 ) 

= fu{u,v,jn,i T 2) 



Z(n, 7 n) T XZ(i;,7r 2 ) 

(en + d) m (cr 2 + d) n Z(n,Ti) T 7 T X7Z(^ 



This implies that 

Z{u, n) T XZ{v,T 2 ) = Z(u, nf^XjZiv,^) 

for all u, v. Since 7 is unitary, it is enough to show that if Z(u, T\) T AZ(v, t 2 ) = for all 
u, v G V where A = [04 j] is a fixed matrix, then A = 0. 



Note that Z(u, 77) AZ(v, t 2 ) = Y^%j a-ijZi(u, Tx)Zj(v, r 2 ). For simplicity, we set qj = e 
for j = 1, 2. Then 

= Z(u,ti) t AZ(u,t 2 ) 



1-KlT-i 



ai i( tr A/5 + °( u ) tr M? °( u ))9i' 

ij mj,nj>0 



This implies that each coefficient of q^q^ for any rational numbers m, n must be zero. 
We now prove that = for all Fix i,j. Then the coefficient of q^ 1 c ^^q^ c ^ 24 in 
Z(u,ti) t AZ(u,t 2 ) is 



V a fci tr M fc o(-u)tr M ; o(u) 



where fc, / G {0, satisfy mk+Xk = Aj, n/+A; = Aj. Fix n > such that n > m^, n/ for all 
k, I occurring in the summation above. Recall from [DLM3] that there is a finite dimensional 
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semisimple associative algebra A n (V) such that M^ fc+Afe , M l n + ^ are the inequivalent simple 
modules of A n (V). As a result we can choose u, v £ V such that o(u) = 1 on My and 
o(u) = on all other , m , off) = 1 on Ml and off) = on all other Ml ,„ . Thus, for 

this u and u, the coefficient of q^ 1 c ^ M q^ j c ^ 24 in Z(u, ti) t A7i(v , T2) is a nonzero multiple 
of cijj. This forces a^- = 0. The proof is complete. □ 

3.3. The congruence property theorem. Now we come back to the theories of vertex 
operator algebras. Let V be a rational and C2-cofinite vertex operator algebra. In a series 
of papers [HL1], [HL2], [HL3] and [HI], the tensor product M of the category of ^-modules 
is defined. For any ^-module W, set 8\y = e 2mL (°\ The following result from [H3] is 
important in this paper. 

Theorem 3.10. Let V be a vertex operator algebra satisfying conditions (VI) and (V2). 
Then the V -module category Cy with the dual W' (W a V -module), braiding a, and twist 6 
is a modular tensor category over C. 

Now the tensor category Cy over C of ^-modules is modular with Endy(M l ) = C,0 < 
i < p. Recall the discussion of Sections 1.1 and 1.3, the pivotal dimension di of the simple 
^-module is a non-zero real number, and the global dimension dimCy = YH=o^i — 1- ^ e 
let s and t be the S and T-matrices of Cy, and D = y/dimCy, the positive square root of 
dimCy, and c the central charge of Cy. We fix the normalization s = jj§, and simply call 
s the normalized S-matrix of Cy. We will prove in Theorem 3.11 that s is identical to the 
genus one S-matrix of V . 

Theorem 3.11. Let V be a vertex operator algebra satisfying conditions (VI) and (V2). 
Then 

(i) The normalized S-matrix s of Cy and the genus one S-matrix of V are identical. 

(ii) The representation py defined by modular transformation of trace functions is a 
modular representation of Cy. In particular, ker/?y is a congruence subgroup of 
level n where n is the order of the genus one T -matrix of V , and py is Q n -rational. 

(iii) The central charge c of Cy is equal to the central charge cofV modulo 8. 

Proof. Let 

a M i Mi : M l m M j -> M j M M* 
be the braiding of Cy. It is proved in [H3] that the pivotal trace of cr Mi * m^num 1 * 011 
M 3 Kl M l equals to This implies that S = As where A = Using the unitarity of s 
and S, we conclude that A is a root of unity. The positivity of both £00 ( see Lemma 3.5) 
and soo forces A = 1. This proves the first statement. 

Note that the T-matrix of Cy is given by t = [<%#i]ij=o,...,p and 9j = e 2mX j . Therefore, 
it follows from the proof of Corollary 3.8 that genus one T-matrix of V is given by T = 
t e -27nc / 24 5 where c is the central charge of V. In particular, py is a modular representation 
of Cy. The second part of the second statement is an immediate consequence of Theorem 
II (i) and (ii). 
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By (i), (1.3) and Theorem 3.4 we see that 

C = (ST) 3 = (stV 2 ™/ 24 ) 3 = ^e-^C, 

where p + is the Gauss sum of Cy . This implies that 1 = ^e -?ric / 4 or ^ = e 7 ™^ 4 . In 
particular, c = c mod 8. □ 

Theorem I now follows from Theorem 3.11 immediately. 

We next discuss two different definitions of dimension of modules of rational and Ci- 
cofinite vertex operator algebras given in [DJX] and [BK]. As before we assume that V 
is a vertex operator algebra satisfying the conditions (VI) and (V2). Recall the following 
definition of quantum dimension from [DJX]. Let M be a 1^-module. Set Zm{t) = ch q M = 
Zjvf(l,r). The quantum dimension of M over V is defined as 

,, r Z M (iy) 

qa\m v M = lim 

y^o Zy(iy) 

where y is real and positive. It is shown in [DJX] that if V is a vertex operator algebra 
satisfying the conditions (VI) and (V2) with the irreducibles M l for % = 0, ...,p such that 
Aj > for i / 0, then 

(3.1) qdimyikP = 

On the other hand, because V is a vertex operator algebra satisfying the conditions (VI) 
and (V2), the tensor category Cy of V- modules is modular by Theorem 3.10. The pivotal 
dimension di = dim M l of M % is also defined in the modular tensor category Cy . We now 
prove that these two dimensions coincide. 

Proposition 3.12. Let V be a vertex operator algebra satisfying the conditions (VI) and 
(V2), and \ > for i 7^ 0. Then for any irreducible V -module M 1 , dimM 1 = qdim^M*. 

Proof. Since dimM* = = J^, the result follows from Theorem 3.11 and (3.1) immedi- 
ately. □ 

The modular transformation property on the conformal block has been used extensively 
in the study of rational vertex operator algebras. The modular transformation property 
gives an estimation of the growth conditions on the dimensions of homogeneous subspaces 
as the (/-character of irreducible module is a component of a vector valued modular func- 
tion [KM]. The growth condition helps us to show that a rational and C2-cofinite vertex 
operator algebra with central charge less than one is an extension of the Virasoro vertex 
operator algebra associated to the discrete series [DZ] and to characterize vertex operator 
algebra L(l/2, 0) <S> L(l/2, 0) [ZD], [DJ1]. The congruence subgroup property of the action 
of the modular group on the conformal block is expected to play an important role in the 
classification of rational vertex operator algebras. Since the g-character of an irreducible 
module is a modular function on a congruence subgroup and the sum of the square norms 
of the (/-characters of the irreducible modules is invariant under SL2 (Z) , this gives a lot of 
information on the dimensions of homogeneous subspaces of vertex operator algebras. For 
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example, one can use these properties to determine the possible characters of the rational 
vertex operator algebras of central charge 1 [Ki]. This will avoid some difficult work in 
[DJ2] and [DJ3] to determine the dimensions of homogenous subspaces of small weights 
when characterizing certain classes of rational vertex operator algebras of central charge 
one. 

4. Galois Symmetry of Modular Representations 

It was conjectured by Coste and Gannon that the representation of 5L2(Z) associated 
with a RCFT admits a Galois symmetry (cf. [CG2, Conj. 3] and [G2, 6.1.7]). Under certain 
assumptions, the Galois symmetry of these representations of SL^iT^) was established by 
Coste and Gannon in [CG2] and by Bantay in [Ba2]. 

In this section, we will prove such Galois symmetry holds for all modular representations 
of a modular category as stated in Theorem II (hi) and (iv). It follows from Theorem 3.11 
that this Galois symmetry holds for the representation py defined by modular transforma- 
tion of the trace functions of any VOA V satisfying conditions (VI) and (V2). 

The Galois symmetry for the canonical modular representation of the Drinfeld center of 
a spherical fusion category (Lemma 4.2) plays a crucial for the general case, and we will 
provide its proof in the next section. 

4.1. Galois action on a normalized S- matrix. Let A be a modular category over Ik 
with Frobenius-Schur exponent N, and p a level n modular representation of A. By virtue 
of Theorem II (i) and (ii), N \ n \ 12N and p{SL2{ r L)) < GLn(Qn)i where LI4 is simply 
abbreviated as IT. 

For a fixed 6-th root £ of the anomaly of A, C determines the modular representation p^ 
of A (cf. (1.7)). It follows from Section 1.2 that p = /?£• for some 12-th root unity 
Let 

s = p(s) and t = p(t). 

Then 

(4.1) s = 4-+ 5 > t = T i eGLn(Q™). 

Thus s 2 = x 6 C = ±C, where C is the charge conjugation matrix [<5ij*]ijen- Set sgn(s) = x 6 . 

Following [dBG, App. B], [CGI] or [ENO, App.], for each a £ Aut(Q ab ), there exists a 
unique permutation, denoted by a, on IT such that 

(4.2) a (*L)=?»® for alH,jeIL 
Moreover, there exists a function e a : II — > {±1} such that 



(4.3) 



a(sij) = ea(i)s a (i)j = e a (j)s i& ^ for all i, j € IT. 
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Let G a £ G-Ln(Z) be defined by (G a )ij = e a {i)5^^j. Then (4.3) can be rewritten as 

(4.4) a(s) = G a s = sG^ 1 

where {cr{y))ij = &(yij) for y G GLn(Qn)- Since G a 6 GLn(Z), this equation implies that 
the assignment, 

Aut(Q ab ) ^GL n (Z.),a^G a 
defines a representation of the group Aut(Q a b) (cf. [CGI]). Moreover, 

(4.5) a 2 (s) = G a sG-\ 

(4.6) G a = cr(s)s ^ = (t(s ^)s . 

Note that the permutation <r on IT depends only on the modular category A as — = i^- in 
(4.2). However, the matrix G a does depend on s, and hence the representation p. 

Suppose t = [5ij0j]ijgn.- Then t = |t is a diagonal matrix of order n. If <r|Q n = a a for 
some integer a relative prime to n, then 

a(t) = a a {t) = t a . 

By virtue of (4.5), to prove Theorem II (iii), it suffices to show that 

(4.7) a 2 (t) = G a tG-\ 
We first establish the following simple observation. 

Lemma 4.1. For any integers a,b such that ah = 1 mod n, we have 

s 2 = (t a st b st a ) 2 . 



Proof. It follows from direct computation that 

(t a 5t b st a )^ modn. 



s 



-a 2 



b 

By Theorem I (i), p factor through SL2{ r L n ) and so we obtain the equality. □ 

4.2. Galois symmetry of Drinfeld doubles. Before we return to prove the Galois sym- 
metry for general modular categories, we need to settle the special case, stated in the 
following lemma, when A is the Drinfeld center of a spherical fusion category over k, and p 
is the canonical modular representation of A. 

Lemma 4.2. Let C be a spherical fusion category overh, and a £ Aut(Q a b). Suppose G a is 
the signed permutation matrix of a determined the by canonical normalization s = d -^ aC s of 
the S-matrix of the center Z(C), i.e. G a = a(s)s^ 1 . Then the T-matrix t of Z{C) satisfies 

(4.8) a 2 (t) = GjG-\ 

Moreover, for any integers a, b relatively prime to N = ord(t) such that o~\q n = a a and 
ab = 1 mod N, 

G a = PsPsfrs- 1 . 

The proof of this lemma, which requires the machinery of generalized Frobenius-Schur 
indicators, will be developed independently in Section 5. 
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4.3. Galois symmetry of general modular categories. Let c be the braiding of the 
modular category A. Without loss of generality, we further assume the underlying pivotal 
category of A is strict. We set 

for any X, Y, V G A. Then (X <g> Y,(jx®y) is a simple object of Z(A) if X,Y are simple 
objects of A. Moreover, if Vi denotes a representative of i G II, then 

{(yi®Vj,av i9 vi) e n} 

forms a complete set of simple objects of Z(A) (cf. [Mu2, Sect. 7]). Let (i, j) G II x II 
denote the isomorphism class of (Vi <g> Vj, crv^v 3 ■) in Z(A). Then we have Hz(A) = hi x LT 
and the isomorphism class of the unit object of Z(A) is (0,0) G Hz {A)- 

Let s and t = [5ij6i]ij^u be the S and T-matrices of ^4 respectively. Then the S and 
T-matrices of the center Z(A), denoted by s and t respectively, are indexed by LT x LT. By 
[NS4, Sect. 6], 

Thus FSexp(^) = ord(t) = ord(t) = N. 

Proof of Theorem II (hi) and (iv). The canonical normalization s of s is 

Sij,kl = d - m . SikSjl* = sgn(s)s ik Sji*, 

where sgn(s) = ±1 is given by s 2 = sgn(s)C (cf. (4.1)). Moreover, s G G-Lrixn(Qiv)- 
For a G Aut(Q a b), we have 

°(sij,ki) = s ^( s ) e ff(*) e <rO0 s *(i)fc s *Cj')«* = e*(i)ea(j)sa(i)a(j), k l = e a(i, j)^»{i,j),ki , 
where e a and <x are respectively the associated sign function and permutation on LT x LT. 
Thus, 

e<r(i,j) = £a(i)ea(j), tr(i,j) = (a(i),a(j)) 

and so 

(Ga)ij,kl = £a(i)£a(j)5a(i)k$a(j)l 

where G a is the associated signed permutation matrix of a on s. By Lemma 4.2, we find 
2 f @i\ _ 2/7 \ _ z -I - 



a 



7 j J 

for all i,j G II. Since 9q = L 

for all i G II. By (4.1), t = (^t where C = (/x. Then, 

(4-y) t»(i)a(i) - —T~ - ~ - ° \Pii)P 
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for all i £ II, where j3 = t^^a 2 (C) G Suppose o-\q n = a a for some integer a relatively 
prime to n. Then (4.9) is equivalent to the equalities 

(4.10) G a tG~ x = fit 0,2 or G~ l t a2 G a = /3-h . 
It suffices to show that /3 = 1. 

Apply a 2 to the equation (s" 1 ^) 3 = id. It follows from (4.10) that 

id = G„s- x G- 1 t a2 G (T s- 1 G-H a2 G (T s- 1 G- 1 t a2 = /r^G^-Hs" 1 ^- 1 ^ 1 ^ 2 ) . 
This implies 

id = j3- 2 {s-Hs-Hs- l G-H a2 G a ) = p~ z {s- l ts~Hs-H) = /r 3 id . 

Therefore, /3 3 = 1. 

Apply (T _1 to the equality sts = t~ 1 st~ 1 . Since o"~ 1 | ( Q n = where b is an inverse of a 
modulo n, we have 

G^s^sGv = t- b sG a t~ b or st b s = G a t~ b sG a r b G' 1 . 

This implies 
G ^ t st st Gu = G a t G \jt sG/jt G (j t G a 

= <T~ 1 {G~ 1 t a2 G a )t- b sG a r b o-- 1 {G- 1 t a2 G a ) 

= a^ir^th^sG^a" 1 ^ 1 )^ = a-\p- 2 )sG a . 

Therefore, 

(4.11) t a st b st a = o-- 1 (p~ 2 )G a s. 
Note that 

((^tq-s) = G/jsGfjS = sG a G a s — s . 
Square both sides of (4.11) and apply Lemma 4.1. We obtain 

s 2 = a- 1 (p- i )s 2 . 

Consequently, <r -1 (/3 -4 ) = 1 and this is equivalent to /3 4 = 1. Now, we can conclude that 
(5 = 1 and so 

GatG a = t a . 

By (4.11), we also have G a = ^s^s^s' 1 . □ 

We can now establish the Galois symmetry of RCFT as a corollary. 

Corollary 4.3. Let V be a vertex operator algebra satisfying conditions (VI) and (V2) with 
simple V -modules M°, . . . , M p . Then the genus one S and T matrices ofV admit the Galois 
symmetry: For a £ Aut(Q a b), there exists a signed permutation matrix G a G GL p+ \(C) 
such that 

a(S) = G a S = SG a and a 2 (T) = G^TG' 1 
where the associated permutation o £ S p+ i of G a is determined by 

4¥)=^ foralli,j = 0,...,p. 
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If n = ord(T) and cr\(Q n = o~ a for some integer a relatively prime to n, then 
where b is an inverse of a modulo n. 



Proof. The result is an immediate consequence of Theorem 3.11 and Theorem II (hi) and 
(iv). □ 

Remark 4.4. The modular representation p factors through a representation p n : SL<i(7L>ri) ~ 
GLn(lk). For any integers a, b such that ab = 1 mod n, the matrix 



a 
b 



t'W'st"* -1 mod n 



is uniquely determined in SX2(Z n ) by the coset a + nL. Moreover, the assignment u : 
Gal(Q n /Q) — > S , L 2 (Z n ), a a t- > d a , defines a group monomorphism. Theorem II (iv) implies 
that the representation (j) p : Gal(Q n /Q) — > GLYi(1^),a \— > G a , associated with p also factors 
through p n and they satisfy the commutative diagram: 



GLn(k) 




SL 2 {Z) . 



□ 



The Galois symmetry enjoyed by the T-matrix of the Drinfeld center of a spherical fusion 
category (Lemma 4.2) does not hold for a general modular category as demonstrated by 
the following example. 

Example 4.5. Consider the Fibonacci modular category A over C which has only one 
isomorphism class of non-unit simple objects, and we abbreviate this non-unit class by 1 
(cf. [RSW, 5.3.2]). Thus, n_4 = {0, 1}. The S and T-matrices are given by 



1 <p 
-1 



1 

47TI 

e~ 



where ip = 1+ 2 V ^ . The central charge c = ^ and dim A = 2 + ip. Therefore, a = e s is the 
anomaly of A and £ = e"M" is a 6-th root of a (cf. (1.9)). Thus 



pHs) 



1 



8, t = p<(t) 



— 77vi 

e 30 







177TZ 

e so 



and so p*> is a level 60 modular representation of A by Theorem II. In Ga 



60 



0-49 is 



transposition (0, 1) on IT_4, and 

o-| (i) = cr 49 (i) 



(v / 5) = 


-\/5, 


0-7 


^«00 j 


= 










" 


e 30 







'hi 





e 30 







*00_ 



S01 
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However, the Galois symmetry does not hold for t as 



a 2 7 (i) 



1 
e~ 



hi o 

too 



We close this section with the following proposition which provides a necessary and 
sufficient condition for such Galois symmetry of the T-matrix t of a modular category. 

Proposition 4.6. Suppose A is a modular category over Ik with Frobenius-Schur exponent 
N, and its matrix t = [Sij9i]ij^u A , and let ( G k be a 6-th root of the anomaly a of A. 
Then for any a G Aut(Q ab ) and i G il_4, 



(4.12) 



Mi) 



C 



^ (0) " (72(C)- 
Moreover, the following statements are equivalent: 

(i) 6 m = 1 for all a G Aut(Q ab ). 

(ii) a 2 (6i) = 6 Hi) for all a G Aut(Q ab ). 

(iii) a 4 = 1. 



Proof. By (1.7), the assignment 

pt(s) = s = X-H, p<(l)=t = C 1 i 

defines a modular representation of A where A = pj^/C 3 - F° r a G Aut(Q a b) and i G II_4, 
Theorem II (iii) implies that 



ji ( ]H 

c 



= 0- (tu) = ^(i)^(i) 



Thus (4.12) follows as 6 = 1. 

By (4.12), the equivalence of (i) and (ii) is obvious. The statement (i) is equivalent to 
that 



(4.13) 



a 2 (C) = C for all a G Aut(Q ab ) . 



Since the anomaly a = 4 is a root of unity, and so is (. By Lemma A.2, (4.13) holds if, 
and only if, £ 24 = 1 or a 4 = 1. □ 

Remark 4.7. For a modular category A over C, it follows from (1.9) that the anomaly of 
A is a fourth root of unity is equivalent to its central charge c is an integer modulo 8. 



5. Galois symmetry of quantum doubles 



In this section, we provide a proof for Lemma 4.2 which is a special case of Theorem II 
(iii) and (iv), but it is also crucial to the proof of the theorem. We will invoke the machinery 
of generalized Frobenius-Schur indicators for spherical fusion categories introduced in [NS4]. 
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5.1. Generalized Frobenius-Schur indicators. Frobenius-Schur indicators for group 
representations has been recently generalized to the representations of Hopf algebras [LM], 
and quasi-Hopf algebras [MN, Sc, NS2]. A version of the 2nd Frobenius-Schur indicator was 
introduced in conformal field theory [Bal], and some categorical versions were studied in 
[FGSV, FS]. All these different contexts of indicators are specializations of the Frobenius- 
Schur indicators for pivotal categories introduced in [NS1]. 

The most recent introduction of the equivariant Frobenius-Schur indicators for semisim- 
ple Hopf algebras by Sommerhauser and Zhu [SZ1] has inspired the discovery of generalized 
Frobenius-Schur indicators for pivotal categories [NS4]. The specialization of these gener- 
alized Frobenius-Schur indicators on spherical fusion categories carries a natural action of 
SL2(Z). This modular action has played a crucial role for the congruence subgroup theo- 
rem [NS4, Thm. 6.8] of the projective representation of SL^iT^) associated with a modular 
category. These indicators also admits a natural action of Aut(Q a t>) which will be employed 
to prove the Galois symmetry of quantum doubles in this section. For the purpose of this 
paper, we will only provide relevant details of generalized Frobenius-Schur indicators for 
our proof to be presented here. The readers are referred to [NS4] for more details. 

Let C be a strict spherical fusion category over k with Frobenius-Schur exponent N. For 
any pair (m,l) of integers, V G C and X = (X, ax) £ Z(C), there is a naturally defined 
k-linear operator E^y on the finite-dimensional k-space C(X, V m ) (cf. [NS4, Sect. 2]). 
Here, V° = 1, V m is the m-fold tensor product of V if m > 0, and V m = (y v )~ m if m < 0. 
The (m, /)-th generalized Frobenius-Schur indicator for X £ Z(C) and V E C is defined as 

(5.1) ^(V0:=Tr(4^> 

where Tr denotes the ordinary trace map. In particular, for m > and / £ C(X, V 
is the following composition: 



X X0dVv ) X ® V ^ v ^ v ) V v®X®V yV0/0y ) V^®V m ®V CVV ® V : 
It can be shown by graphical calculus that for m,I 6 Z with 

(5.2) 4 m i? = (4 m v 1} y and (e^)^ = id 

(cf. [NS4, Lem. 2.5 and 2.7]). Hence, for m / 0, we have 

(5-3) v*(V) = Tr((E^ 1 



in 



Note that i(V) coincides with the Frobenius-Schur indicator v m (y) of V 6 C introduced 
in [NS1]. 

5.2. Galois group action on generalized Frobenius-Schur indicators. Let JC(Z(C)) 
denote the Grothendieck ring of Z{C) and IC^(Z(C)) = IC(Z(C)) ®z k. For any matrix 
y £ GXn(k), we define the linear operator F(y) on K,<t(Z(C)) by 

F(y)ti) = J2 Vi i i foraU ien, 

ien 
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where II = TLztc)- Then F : GLn(k) — > Aut^QC^Z (C)) is a group isomorphism. In 
particular, every representation p : G — > GLn(k) of a group G can be considered as a 
G-action on K^{Z(C)) through F. More precisely, for g £ G, we define 

gj = F{ P {g)){j) for aiij en. 

Let s and t be the S and T-matrices of Z(C). The SL2 (Z)-action on /C|j(Z(C)) associated 
with the canonical modular representation pz(c) of Z(C) is then given by 

(5.4) sj = ^ Siji and tj = 6jj , 

where i = [<%#j]ijen and s = di ^ c s (cf. (1.10)). Note that s G GLn(QTv) by Theorem II 
(ii), where iV = ord(i). 

Now we extend the generalized indicator v*s,(V) linearly to a functional Iy({m, I), — ) on 
fCk(Z(C)) via the basis II. For V G C, (m, Z) G Z 2 and z = X^ien ^ A^k(^(C)) for some 
a.i G k, we define 

M(m,0^)=^a^(^) 

where Xj denotes an arbitrary object in the isomorphism class i. The SX2(Z)-actions on 
Z 2 and on lCk(Z(C)) are related by these functionals on fC^(Z(C)). We summarize some 
results on these generalized indicators relevant to the proof of Lemma 4.2 in the following 
theorem (cf. Section 5 of [NS4]): 

Theorem 5.1. Let C be a spherical fusion category C overk. with Frobenius-Schur exponent 
N. Suppose z G IC k (Z(C)), X G Z(C), V eC, (m, I) G Z 2 and J = J _° 



. Then we have 



(i) u^(V) G Q N . 

(ii) ^ x (y) = dim k C(X,F). 

(hi) Iv{(m, Z)7, z) = Jy ((to, l),^ J z) for 7 G (Z), where 7 J = J7J . 
In particular, Aut(Q a b) acts on i/iese generalized Frobenius-Schur indicators V~t{V). □ 

For a G Aut(Q a b), = ^(s)^" 1 is also given by 

for some sign function £0- and permutation a on II (cf. (4.2), (4.3) and (4.4)). Define 
U = F(G a ). Then 

(5.5) faj = e (T {a- 1 (m~ 1 (j) for j G II . 

Since the assignment Aut(Q a b) — > GLn(Z), cr i-> is a representation of Aut(Q a b), 

Ufr = Ur for all 0", T G Gal(Qjv/Q). 

Therefore, 

f CT -iJ = f^J = ea(j>(i) for j Gil. 
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Remark 5.2. Since s G GLu(Qn), if o~,a' G Aut(Q a b) such that cr\q N = a' \q n> then 

G a = G a i and so f a = jv • 

Now we can establish the following lemma which describes a relation between the Aut(Q a b)- 
action on K,^{Z{C)) and the S'L2(Z)-action in terms of these functionals Iv((m, I),—)- 

Lemma 5.3. Let V G C and a, I non-zero integers such that a is relatively prime to IN. 
Suppose a G Aut(Q a b) satisfies a\q N = a a . Then, for all z G fCk(Z(C)), 

l v ((a,l),z)=l v ((l,0),t- al f a z). 

Proof. Let j G II and Xj a representative of j. By (5.2), (5.3) and Theorem 5.1(i), for any 
non-zero integer m, there is a linear operator E m = E^'y on a finite-dimensional space 
such that (E m ) m = id and 

for all integers k. In particular, the eigenvalues of E m are |miV|-th roots of unity. 
Suppose r G Aut(Q a b) such that t|q |;jv| = a a . Then t\q n = a a = o~\q n . Therefore, 

(5.6) o-irfi^V)) = r(Tr(E^)) = Tr(Ef a ) = u^ a (V) = Iy((l,-a),j) 
and 

(5.7) a{yfj(V)) = a a (Tr(E[)) = Tr«) = v^jV) 

= Iy((l»,j) = l v ((l,0)&,j) = /y((l,0), r'°i) . 
Here, the last equality follows from Theorem 5.1(iii). 
On the other hand, by Theorem 5.1(iii), we have 

vfj{V) = M(U),i) = Iv((l,-l>~\j) = l v ((l,-l),sj) =Y, s vtf-i( v )- 

Therefore, (5.6) and Theorem 5.1(iii) imply 

°{vfi{V)) = a ( J2sntf-i(V) j =zZ e ^ s M3)°(\-i(V)) 
Vien / ien 

= z^^A^Sia^^d^-a),^ = I v ((l,-a),e a (j)sa(j)) 

= I v ((l,-a),s(f a -ij)) = I v {(l,-a)5- 1 ,f a -ij) = I v ((a,l),f a -ij) . 
It follows from (5.7) that for all j G II, 

/ y ((a,0,f CT -ii) = ^((i,o),r Za i) 

and so 

l v ((a,l),f a -iz) = I v ((l,0),r la z) 
for all z G K.<t{Z(C)). The assertion follows by replacing z with f a z. □ 



CONGRUENCE PROPERTY IN CONFORMAL FIELD THEORY 29 

5.3. Proof of Lemma 4.2. Let a £ Aut(Q a b) and o\t^ N = a a for some integer a relatively 
prime to TV. Then o" -1 ^^ = where b is an inverse of a modulo n. By Dirichlet's theorem, 
there exists a prime q such that q = b mod N and q \ a. By Lemma 5.3 and Theorem 
5.1 (hi), for j € II, we have 

(5.8) i y ((i,o),rV<Vi.7) = i v ((i,o),r a %t%-ij) 

= I v ((a,q),t q f a -ij) = I v ((a,q)r q ,f a -ij) = I v {(a,q - aq),f a -ij) 

= j y ((i,o),r a *+ a2 %f CT -ii) = M(i,o), r 1+a i) . 

Therefore, for j £ II, we have 

(5.9) J v ((l,0),t-VVij) = /y((l,0),r 1+a j). 

Using (5.4) and (5.5), we can compute directly the two sides of (5.9). This implies 

for all V € C. Take V = Xj, the underlying C-object of Xj. We then have ^^(X,-) = 
dimk C (Xj , Xj ) > 1. Therefore, we have 0~ l 9 c i^ = 9^" , and hence 

0S W = 6? or e Hj) = ef. 

This is equivalent to the equality 

a 2 (t) = GjG- 1 . 

Since tstst = s, we find 

(5.10) GU = a(s) = a(tstst) = t a sG- l t a G a st a 

= i a sG- l i a2b G a si a = i a s{G~H a2 G a ) b st a = t a st b st a . 

Therefore, 

G a = t a si b st a s~ l . 
This completes the proof of Lemma 4.2. □ 



6. Anomaly of modular categories 



In this section, we apply the congruence property and Galois symmetry of a modular 
category (Theorem II) to deduce some arithmetic relations among the global dimension, 
the Frobenius-Schur exponent and the order of the anomaly. 

Let A be a modular category over k with Frobenius-Schur exponent N. Since d(V) £ Qat 
for V £ A (cf. [NS3, Prop. 5.7]), the anomaly a of A is a root unity in Qtv- Therefore, 
a N = 1 if N is even, and a 2N = 1 if N is odd. 

Let us define J4 = (_i) 1 + orda to record the parity of the order of the anomaly a of A. 
It will become clear that J4 is closely related to the Jacobi symbol (^) in number theory. 
When 4 { N, J4 determines whether dim A has a square root in Qjy. 
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Theorem 6.1. Let A be a modular category over k with Frobenius-Schur exponent N such 
that 4 { N. Then J^dim^ has a square root in Qn- Moreover, — J^dim^l does not have 
any square root in Qn- 

Proof. Let ( S k be a 6-th root of the anomaly a of A. By Corollary 2.5, there exists a 
12-th root of unity x G k such that 

N a 



1 and G Q N 



h \ 2 

Note that I = dirndl. 



C 3 

Set N' = N if N is odd and N' = N/2 if iV is even. In particular, N' is odd. Then 



(f) N ' = ±1 and so 



a N> = ( W> = X 6N' = x 6 



By straightforward verification, on can show that x 6 = J4. Therefore, 

3 + \ ^ 

^-^-J = x 6 dim A = J a dim A. 

Suppose — J4 dirndl also has a square root in Qn- Since J4dim^4 has a square root in 
Qat, and so does —1. Therefore, 4 | N, a contradiction. □ 

When dim ^4 is an odd integer, we will show that J4 = (35^3)- Let us fix our convention 
in the following definition for the remainder of this paper. 

Definition 6.2. Let A be a modular category over k. 

(i) A is called weakly integral if its global dimension dim .4 is an integer. 

(ii) A is called quasi-integral if d(V) 2 £ Z for all simple objects V G A- 

(iii) A is called integral if c?(V) G Z for all V £ A. 

It has been proved in [ENO] that if A over C is weakly integral and d(V) > for all simple 
V G A, then A is quasi-integral. However, there are weakly integral modular categories 
which are not quasi-integral. The tensor product of the Fibonacci modular category (cf. 
[RSW, 5.3.2]) with its Galois conjugate is such an example. The Drinfeld center of the 
representation category of a semisimple quasi-Hopf algebra over k is a typical example of 
integral modular category. 

Remark 6.3. It follows from [HR, Lem. A.l] and [ENO, Prop. 8.24] that a modular 
category C is integral if, and only if, the Frobenius-Perron dimension of any object of C is 
an integer. 

Proposition 6.4. Let A be a weakly integral modular category over k with Frobenius-Schur 
exponent N and odd global dimension dim A. Then J4 = ( dim ^ ) . In particular, 

1 if dirndl = 1 mod 4, 
— 1 if dirndl = 3 mod 4. 

Moreover, the square-free part of dirndl is a divisor of N. 



Ja 



CONGRUENCE PROPERTY IN CONFORMAL FIELD THEORY 



31 



Proof. We may simply assume A contains a non-unit simple object. By [Et, Thm. 5.1], N 
divides (dim^A) 3 . In particular, N is odd. It follows from the proof of [ENO, Prop. 2.9] that 
for any embedding ip : Qtv — > C, (p(di) is real for i G IL4, and so dirndl = ip(dimA) > 1. 
We can identify Qjy with yj(Qjv). 

If dirndl is a square of an integer, then J4 = 1 by Theorem 6.1, and (3^734) = 1. In this 
case, the last statement is trivial. Suppose dirndl is not a square of any integer. It follows 
from Theorem 6.1 that Q(V«^4 dim .4) is a quadratic subfield of Qn- Note that Q(\/p*) is 
the unique quadratic subfield of Q p i for any odd prime p and positive integer £ (cf. [Was]), 
where p* = and that Q(-y/m) 7^ Q(Vrr^) for any two distinct square-free integers 

m,m'. Let pi, . . . ,pk be the distinct prime factors of TV. By counting the order 2 elements 
of Gal(Qj\r/Q), the quadratic subfields of Qn are of the form Q(vd*) where d is a positive 
divisor of p\ • • • pk, and d* = feA d. 

Let a be the square- free part of dim A. Then (gj^j^) — (^) and Q(v^a) = Q(\/-U dim>t). 
By the preceding paragraph, a | pi ■ ■ ■ Pk and J4 = (^-) . □ 

The following proposition on modular categories is a slight variation of [CG2, Prop. 3], 
and it was essentially proved in [loc. cit.] under the assumption of Galois symmetry which 
has been proved in the previous sections. 

Proposition 6.5. Let A be a modular categories over k, and p a modular representation 
of A. Set s = p{s), t = [5ijti]ij£ii A = p(i), n = ord(i) and 

K 6 = Q(^UeIl/) forb£U A . 
\ sob J 

(i) Then, for a G Gal(Q n /K 6 ) ; a 2 {t b ) = t b . 

(ii) If A is integral, then the anomaly a of A is a 4-th root of unity. 

(iii) Let K. = Q (j^\i>b G LL^ , and k the conductor of K, i.e. the smallest positive 

integer k such that K C Q^. Then, Gal(Q n /K) is an elementary 2-group, and 
|Gal(Q 

n/Qfe)| a divisor of 8. Moreover, ? is a divisor of 24, and gcd(^,&) 
divides 2. 



Proof, (i) Let a G Gal(Q n /Kft) and e CT the sign function determined by s (cf. 4.3). Suppose 
s 2 = sgn(s)C where sgn(s) = ±1. Then, by (4.2), 




Therefore, sg b G K b and so cr(sg fe ) = s§ 6 . Since cr(s 6) = e CT (6)s 0(? ( 6 ), s ^ (6) = es b for some 
sign e. Now, for i G LL4, 

Sj& _ / Sjb \ _ gj,7(6) _ esiir(fe) 

Thus, = £5^(6) for all i G II4. If a(b) 7^ 6, then the 6-th and the <5"(&)-th columns of s 
are linearly dependent but this contradicts the invertibility of s. Therefore, a(b) = b and 
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hence, by Theorem II (iii), a 2 (tb) = tg-(b) = t^. 

(ii) If A is integral, then Ko = Q and hence a 2 (to) = to for all a G Gal(Q n /Q). Recall from 
Section 1.3 that to — X /C f° r some 6-th root £ of a and some 12-th root of unity x G k. By 
Lemma A. 2, x/Q is a 24-root of unity. Therefore, 

a 4 = C 24 = (C/x) 24 = 1 • 

(iii) By (i), for a G Gal(Q n /K), cP'it^) = t^ for all b G LI^. Since Q n is generated by % 



G 11^), a~ = id. Therefore, Gal(Q n /lfC) is an elementary 2-group, and so is Ga 



Ek) 



Thus, for any integer a relatively prime to n such that a = 1 mod k, a 2 = 1 mod n. By 
Lemma A. 3, we have n/k is a divisor of 24 and gcd(n/k,k) \ 2. Moreover, |Gal(Q n /Qfc)| = 
4>(n)/(p(k) is a divisor of 8. □ 

Corollary 6.6. Let A be an integral modular category with anomaly a. If dirndl is odd, 
then a - 



dim A) ' 

Proof. If dirndl is odd, then so is the Frobenius-Schur exponent N of A as N \ (dim.4.) 3 . 
Since a £ Qtv and a 4 = 1, a 2 = 1. It follows from Proposition 6.4 that 

„_(-!)»«- = JA=(£j). □ 

Remark 6.7. For semisimple quasi-Hopf algebras with modular representation categories, 
the statement (ii) of the preceding proposition was proved in [SZ2, Thm. 5.3]. 

The Ising model modular category is an example of quasi-integral modular category (cf. 
[RSW, 5.3.4]) and its central charge is c = ^. Therefore, the its anomaly is e 7 ™/ 4 , an eighth 
root of unity, and this holds for every quasi-integral modular category. 

Theorem 6.8. The anomaly of any quasi-integral modular category is an eighth root of 
unity. 

Proof. Suppose £ G k is a 6-th root of the anomaly a of a quasi-integral modular category 
A. Then A = p^/C 3 is a square root of dim A. Consider the modular representation of 
A given by 

c 1- 1~ 

p '. 5 1 y s i = —s, 1 1 := —t . 

A c 

Let t = [d~ijOi]i,jen A be the T-matrix of A. Since = G Q, for a G Aut(Q ab ), 

2 _ / 2 \ 2 

s 0i — a \ s 0i) — s 0a(i) 

or df = d 2 .,--, for all i G n_4. By Theorem II (iii), 




c 



Thus, we have 

q-\p + a) _ a 2 (C) 

P + A C 
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Since dim A is a positive integer, cr 2 (A) = A and so 

a 2 (C 3 ) _ ° 2 { P + A /\) _ * 2 {p + A ) _ * 2 ({) 



C 3 P + A /\ P A C 

2 ) _ 
T 2- 



Therefore, we find a ^ ^ = 1 for all a G Aut(Q a b). It follows from Lemma A. 2 that £ 48 
and so a 8 = 1. □ 



Corollary 6.6 and the Cauchy theorem for Hopf algebras [KSZ] as well as quasi-Hopf 
algebras [NS3] suggest a more general version of Cauchy theorem may hold for spherical 
fusion categories or modular categories over k. We finish this paper with two equivalent 
questions. 

Question 6.9. Let C be a spherical fusion category over k with Frobenius-Schur exponent 
N . Let O denote the ring of integers o/Qat. Must the principal ideals O(dimC) and ON 
of O have the same prime ideal factors? 

Since Z(C) is a modular category over k and (dimC) 2 = dimZ(C), the preceding question 
is equivalent to 

Question 6.10. Let A be a modular category over k with Frobenius-Schur exponent N . Let 
O denote the ring of integers of Qn- Must the principal ideals O (dirndl) and ON of O 
have the same prime ideal factors? 

By [Et], (d y )3 e O. Therefore, the prime ideal factors of ON is a subset of O dim A. 
The converse is only known be true for the representation categories of semisimple quasi- 
Hopf algebras by [NS3, Thm. 8.4]. Question 6.9 was originally raised in [EG, Qu. 5.1] for 
semisimple Hopf algebras which had been solved in [KSZ, Thm. 3.4]. 

Appendix 

The first lemma in this Appendix could be known to some experts. An analogous result 
for PSL<i(J^) was proved by Wohlfahrt [Wo, Thm. 2] (see also Newman's proof [Ne, Thm. 
IIIV.8]). However, we do not see the lemma as an immediate consequence of Wohlfahrt's 
theorem for PSLii^)- 

Lemma A.l. Let H be a congruence normal subgroup of SLi(7L\ Then the level of H is 
equal to the order of tH in SL2{ r L)/H. 

Proof. Let m be the level of H and n = ordtff. Since t m G T(m) < H, t m G H and hence 
n I m. 



Suppose 7 



a b 
c d 



G r(n). Since ad — be = 1, by Dirichlet's theorem, there exists a 
prime p\m such that p = d + kc for some integer k. Then, 

la' b'~ 

c p 



t " fc 7 t fc 



G T(n) 
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for some integers a',b'. In particular, 

a'p — b'c = 1, p = a' = 1 mod n and c = 6' = mod n. 

Since p \ m, there exists an integer q such that pq = 1 mod m. Thus, pq = 1 mod n and 
so g = 1 mod ra. One can verify directly that 

fa' b'A 



P 



t Vq s -l t (-c+l)p st q st p m()d 



m . 



Therefore, 

r k 7 t k H = t b ' (1 5~ 1 t i ~ c+1)p 5t q 5t p H = s^tststtf = s- l sH = H . 
This implies t~ k ji k G H, and hence 7 G -ff. Therefore, r(?i) < and so m | n. □ 

The following fact should be well-known. We include the proof here for the convenience 
of the reader. 

Lemma A. 2. Let C be a root of unity in k. Then a 2 (() = £ for all a G Aut(Q a b) if, and 
only if C 24 = 1. 

Proof. Let m be the order (• Then Gal(Q(C)/Q) = U(Z m ). Note that the group U(Z m ) has 
exponent < 2 if and only if m \ 24. Since Q(C) is a Galois extension over Q, the restriction 



map Aut(Q ab ) ^> Gal(Q(C)/Q) is surjective. Thus, if a 2 (() = ( for all a G Aut(Q ab ), 
then the exponent of Gal(Q(C)/Q) is at most 2, and hence m \ 24. Conversely, if m \ 24, 
then the exponent of Gal(Q(£)/Q) is at most 2, and so cr 2 (() = ( for all a G Aut(Q a b). □ 

The next lemma is a variation of the argument used in the proof [CG2, Prop. 3]. 

Lemma A. 3. Let k a positive divisor of a positive integer n. Suppose that for any integer 
a relatively prime to n such that a = 1 mod k, a 2 = 1 mod n. Then gcd(n/fc, k) \ 2 and 
n/k is a divisor of 24. Moreover, (ft(n)/4>(k) is a divisor of 8. 

Proof. Let tt : U(Z n ) — > Ui^Lk) be the reduction map. The assumption implies that ker7r is 
an elementary 2-group. It follows from the exact sequence 

kervr U(Z n ) ^ U(Z k ) 

that 4>(n)/(f>(k) is a power of 2, and so is gcd(n//c, k). Thus, if 2 f gcd(n/k, k), then 
gcd(n//c, k) = 1. By the Chinese remainder theorem, for any integer y relatively prime to 
n/k, there exists an integer a such that a = y mod n/k, and a = 1 mod k. Thus, a 2 = 1 
mod n, and hence y 2 = 1 mod n/k. This implies the exponent of U(7 Jn ^ k ) is at most 2, 

and so ^ | 24. Moreover, = cp(n/k) is a factor of 8. 

Suppose 2 I gcd(n/k,k). Then k = 2 u k' for some positive integer u and odd integer k' . 
The aforementioned conclusion implies n = 2 v n'k' where v > u and gcd(n', 2 v k') = 1. By 
the Chinese remainder theorem, the given condition implies the kernel of the reduction map 
— > U(7j2^) is an elementary 2-group. Therefore, 2<u<3ifit=l, and v = u + 1 
if u > 1. In both cases, gcd(n/k,k) = 2 and jfrpA is divisor of 4. By the aforementioned 
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argument, for any integer y relatively prime to n', y 2 = 1 mod n! . Therefore, n' | 24 and 
hence ri | 3. Thus, n/k = n'2 v ~ u | 12, and 



m " '(4<2») 

is also a divisor of 8. □ 
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